Abstract-An improved wide-angle finite-difference beam-propagation method for the simulation of multifunction optical waveguides employing simultaneously nonlinear and nonreciprocal materials is introduced in this paper. This formalism can be applied to nonlinear Kerr-type materials exhibiting any kind of nonlinearity mechanisms. The nonreciprocal behavior is based on the difference between forward and backward propagation constants for TM modes. The derivatives of the inverse permittivity are also taken into account so that longitudinal varying structures can be more accurately simulated.
I. INTRODUCTION

F
INITE-DIFFERENCE
beam-propagation methods (FD-BPMs) have been a valuable tool for the simulation of a large variety of optical waveguide structures such as Mach-Zehnder, Y-junctions, directional couplers, and switches. The constant increase in the complexity of these structures, in terms of geometry and/or material composition, requires the development of more flexible and accurate modeling techniques. Devices employing nonlinear and nonreciprocal materials simultaneously are a good example of how complex these structures can be. Nonlinear optical devices have been utilized in applications such as logical gates and switches [1] , whereas magnetooptic materials have been utilized specially in nonreciprocal devices such as isolators and circulators [2] . The analysis of such structures has been focused mostly on transverse electric (TE) polarized waves [3] , i.e., waves with only one transverse electric field component and two magnetic field components and , as opposed to transverse magnetic (TM) waves with , and . The permittivity in the TM case is a function of two electric field components, which makes the analysis considerably more complex than for the TE case. The only nonlinear TM approach currently available in the literature is based on finite-element BPM (FE-BPM) [4] . More recently, the idea of combining nonlinear and nonreciprocal materials on the same device was proposed by Gnideck [5] optical switch on the same device. This analysis was based on a dispersion relation for TM waves obtained for a three-layer planar waveguide. In this work, an improved FD-BPM formalism for TM mode propagation in multifunctional devices containing both nonlinear Kerr-type and nonreciprocal media is proposed for the first time. The formalism is capable of handling any nonlinearity mechanism, such as electrostriction, electronic distortion, and molecular orientation. This is made possible by introducing a new polynomial equation for the permittivity calculation in the nonlinear medium. Additionally, derivatives of the inverse permittivity are also incorporated in the formalism. As a result, longitudinal varying structures can be more properly investigated. The nonreciprocal behavior considered in this paper is based on the difference between forward and backward propagation constants for TM modes. An iterative procedure for the nonlinear medium is included to accelerate convergence [6] . The general formalism is tested for both the Crank-Nicolson (CN) and generalized Douglas (GD) schemes [7] , [8] . The main difference between these two schemes is that finite-difference methods based on the GD scheme are less sensitive to the transverse discretization step size.
II. NUMERICAL APPROACH
A. The Material Parameters
The dielectric permittivity tensor for a magnetooptic medium submitted to a dc magnetostatic field applied along the axis is given by (1) where , , and are the refractive indices in the , , and directions, respectively, is the first-order magnetooptical effect, and is the vacuum dielectric permittivity.
The permittivity tensor in the nonlinear medium depends on the electric field intensity as follows:
where is a coefficient that depends on the nonlinearity mechanism [2] ( for thermal effects or electrostriction, for electronic distortion, and for molecular orientation). The parameter is the nonlinear material static permittivity, is the nonlinear coefficient given by , where is the light velocity in vacuum and the constant m /W (focusing media) [4] .
B. FD-BPM Formalism
The wave equation for two-dimensional (2-D) problems ( plane) and TM waves ( , , and components, and propagation along the axis) can be written in a generalized form as (4) where is the vacuum magnetic permeability and or are the elements of the inverse permittivity matrix in each medium listed in Table I . Equation (4) can be successfully applied to isotropic, anisotropic, or nonlinear materials.
In the BPM formalism, the solution for the component can be written as , where is the slowly varying envelope approximation, is the signal angular frequency, is the propagation constant in free space, and is a reference effective index. The exponential factor represents the carrier propagating in the axial direction. Therefore, (4) becomes (5) where (6) (7) with . The term in parenthesis in (6) , usually neglected in the literature, accounts for any refractive index variation in the longitudinal direction.
Equation (5) can be decomposed into two independent equations, one for each propagation direction. For the direction, one obtains (8) Unfortunately, the presence of the square root term on the right-hand side (r.h.s.) of (8) poses an obstacle for the finite-difference expansion. An elegant way of circumventing this problem consists in expanding the r.h.s. in terms of Padé approximants of order (1,1) [9] . Therefore,
Higher order approximants can also be used at the expense of a significantly more complicated algebra. Substituting (9) into (8) results in an equation that can be expanded by finite differencing. This was done for two different schemes, namely, the Crank-Nicolson (CN) and the Generalized Douglas (GD) (10) where and represents the step size along and axes, respectively, and Equation (10) can be rearranged in a tridiagonal matrix form as follows: (11) where and if , or if . Equation (11) gives the field profile at given a field distribution at . Therefore, an input field can be propagated iteratively through the structure until the desired distance is achieved. The GD scheme utilizes an improved representation for the field second order transverse derivative. This scheme is defined as follows: (12) The term on the l.h.s. is the finite difference representation of the second derivative. The term in parenthesis on the r.h.s. is obtained directly from (8) . Once isolated, this term is finite-difference expanded centered at , , and , respectively [7] . This scheme reduces the discretization error indeed, but it has the inconvenience of producing a pentadiagonal matrix system. The final finite-difference expressions for the GD scheme are omitted here due to the lack of space.
The main difference between these two schemes is that the truncation error is proportional to for CN and for GD. Therefore, finite-difference methods based on the GD scheme are less sensitive to transverse discretization step size.
Equations (2) and (3) show that the elements of the dielectric permittivity tensor in the nonlinear medium depends on the electric field intensity. This requires the adoption of an iterative procedure in this particular medium in order to guarantee convergence for both field and permittivity distribution at . From Maxwell's equations, the following expressions for the and components can be obtained:
and are constants that can be written in finite-difference form as follows: (15) (16) Substituting (13) and (14) into (2) and (3), the following ninth-order polynomial equation for (for a general nonlinearity mechanism) is obtained:
(17) The roots of (17) are numerically computed via the Jenkins-Traub three-stage algorithm [9] in such a way as to guarantee that the values of and are both real. All other eight roots of this polynomial either deviate considerably from the static permittivity or are complex values and are therefore discarded. Notice that, for the particular case , it is inferred that , and (17) is reduced to the following cubic equation, whose solution can be explicitly obtained:
Therefore, the iterative procedure mentioned previously will involve (11), (17), and (18) whenever a nonlinear media is present, and the following convergence criteria are applied:
where is the previous guess for the field transverse distribution.
III. EXAMPLE AND RESULTS
The present formalism is validated for a planar three-layer waveguide consisting of a nonlinear cover ( m /V and ), a linear film ( and m), and a nonreciprocal substrate ( ). The computational window size is m and mm, and the total number of discretization points . The wavelength is m. The transparent boundary condition (TBC) was implemented at the edges of the computational window in order to suppress unwanted reflections back to the domain solution [10] . The results obtained with the proposed method are checked against those obtained with the FDTD method with excellent agreement [11] .
The effect of the optical power density on the modal effective index is shown in Fig. 1 . Notice that, when the input power density is increased, the nonlinear behavior increases the effective thickness of the guiding layer. Therefore, a displacement of the optical field distribution toward the nonlinear medium, and a consequent increase in the modal effective index, will occur. This displacement reduces the interaction of the optical field with the magnetooptic material and, as a consequence, reduces the nonreciprocal phase shift (see Fig. 2 ). The nonreciprocal phase shift is defined as , where the superscripts " " and " " refer to the forward and backward TM mode propagation, respectively.
By increasing the input power density, a separate guiding channel is induced in the nonlinear medium. Light guided by this channel may interact with the guiding layer (if phase matching condition is satisfied) and transfer of energy may occur. This interesting phenomenon is illustrated in Fig. 3(a) for mW/mm, where the wave propagating through the induced channel is coupled periodically to the linear film. This behavior affects the measured effective index along the direction, as shown in Fig. 3(b) . If the input power density increases even further, the propagation phase in the induced channel becomes noticeably higher than the phase in the film, and the coupling back does not occurs, as shown in Fig. 4 for mW/mm.
IV. CONCLUSION
An improved wide-angle FD-BPM formalism for the simulation of optical waveguides employing simultaneously nonlinear and nonreciprocal materials has been introduced. This formalism can handle nonlinear Kerr-type materials exhibiting any nonlinearity mechanism. The derivatives of the inverse permittivity are included in the formalism so that longitudinal varying structures as well as induced waveguide channels in the nonlinear medium can be simulated adequately. The formalism has been implemented for both the Crank-Nicolson and generalized Douglas schemes, with the latter being less sensitive to the transverse discretization step. Results showed that the proposed method can be a valuable tool for the analysis of multifunction optical devices.
